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Quadrature formulas of degrees 4 to 8 for numerical integration over the tetrahedron are constructed. 
The formulas are fully symmetric with respect to the tetrahedron, and in some cases are the minimum 
point rules with this symmetry. 

1. Introduction 

In [4] Jinyun has described formulas for numerical integration over the three-dimensional 
simplex, or tetrahedron, with polynomial degrees 2 to 6. The formulas possess full tetrahedral 
symmetry, thus making them attractive for use in finite element codes, where it is clearly 
preferable that the orientation of the tetrahedral elements should not affect the distribution of 
the quadrature evaluation points. Although previous formulas also possessed these symmetry 
properties, they had other disadvantages such as the use of excessive numbers of function 
evaluations (e . g . , [7]) or availability only for low degree (e.g., [3,9]). 

The rules in [4] were computed by first postulating a structure for the quadrature rule, and 
then attempting to solve the nonlinear moment equations for the evaluation points and weights. 
The purpose of this note is to demonstrate a systematic method for deriving valid rule structures 
and for computing the corresponding formulas. 

The technique used is described more fully in [6]. Another systematic method appeared in 
[2]. The formulas obtained by Jinyun will be given as special cases here, and some formulas will 
be obtained using fewer points. We will list valid structures for rules of degrees 1 to 10, and will 
compute formulas of degrees 4 to 8. 

2. Derivation of formulas 

Following the notation of [5,8], let T(ar, +, a3; (Ye), ai 3 0, z;=, (yi = 1, be a functional 
defined by 

mb %, ‘y3; a4)f(x7 Y? ‘) = C jXai,, (yiz, ai,) 7 
&.iz,i3 

the sum being over all choices of (ail, CQ ai,) from (pi, a2, a3, cx4. This gives a sum of values off 
over a set of points possessing the same symmetries as that of the tetrahedron. 
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A tetrahedrally symmetric quadrature formula has the form 

We use the word rule to refer to a quadrature formula, and call Z’(CY~, (Ye, (Ye; ad) a basic rule. 
Thus a tetrahedrally symmetric rule is a weighted sum of basic rules of type T. 

DEFINITION 2.1. If (cY~, a2, aj, a4) has k distinct nonzero LY, with ni occurrences of the 
ith CY, we say that T(q, cy2, a3; CQ) is of class [n,, n2, . * * , 4 

Note. In three dimensions, with the constraint c (Y~ = 1, there are only 11 different classes of 
basic rules, viz. [4l, [3,11, [2,21, [2,1,11, [I, l,l, 11, 131, [2,11, [l, 1, 11, [2], [l, 11, and PI. 
There is only one possible rule of class [4], viz. T( $ , 4 , a ; $ ), and only one possible rule of each 
of the classes [3], [2], and[1],namelyT(~,~,f;0),T(~,~,0;0),andT(1,O,0;0),respectively. 
The cost of a rule of class [n,, It*, . . . , n,] is 4!ln,!n,! **. n,!(4- c ni)!, and the number of 
free parameters associated with the basic rule is k, namely (k - 1) independent parameters (Y~ 
and the weight of the basic rule. 

Following [6], we can derive consistency conditions for the formula to be of degree N. These 
consistency constraints are linear inequalities to be satisfied by the structure of the formula to 
ensure that the rule can be of degree N. Rather than reproduce the arguments leading to these 
constraints (which are given in [5,6]), we give an example with a specific degree. These 
constraints are necessary and sufficient conditions to ensure that the nonlinear equations for the 
weights and the (Y do not satisfy any linear relationship. The hazards of nonlinear relationships 
and complex solutions remain. 

First, we give the conditions a rule must satisfy to have a specified degree. From [2] it is 
possible to show the following theorem. 

THEOREM 2.2. For a rule which is simplicially symmetric to be of degree d over the simplex 
OSx,y,z,x + y + 2 s 1, it is necessary only that it integrates exactly all polynomials of the form 
xiyizi(l-x-y-z)k, for2i+j+ksd,with iaj>kaO. 

Now, consider the construction of a rule of degree 5. The polynomials to be integrated are 

1, XY , X'Y' , XYZ , x2y2z , xyz( 1 - x - y - 2) . 

Thus, a formula of degree 5 must integrate six polynomials exactly. Let K[n] be the number of 
basic rules of class [n] used in the formula. Then there are consistency constraints (derived in 
[5]) on the numbers K[n] for the formula to have degree 5. In this case, the constraints are 
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r 
1 0 0 0 0 0 0 0 0 0 o- 
01000000000 
00010000000 
00000010000 

-1 -1 -2 -1 -2 -3 -1 -2 -2 -3 -4 
0 0 0 -1 -2 -3 -1 -2 -2 -3 -4 
0 0 -2 0 0 -3 -1 -2 -2 -3 -4 
0 0 0 0 0 0 -1 -2 -2 -3 -4 
0 -1 -2 0 -2 -3 0 0 -2 -3 -4 

-1 0 -2 -1 -2 -3 0 -2 -0 -3 -4 
0 0 0 0 0 -3 -1 -2 -2 -3 -4 
0 0 0 -1 -2 -3 0 -2 0 -3 -4 

The cost of a formula with K[n] rules of class [n] is 

m 
KM 

KP, 11 

ml 
KP, 11 

KP, 1, 11 

WI 
K[3,11 
KP, 21 
KP, I,11 
KL 1,1,1 

f(K) = 4K[l] + 6K[2] + 12K[l, l] + 4K[3] + 12K[2, l] + 24K[ 

+ 4K[3, l] + 6K[2,2] + 12K[2,1, l] + 24K[l, 1, 1, l] . 

1, 1, 11 + K[41 

1 
1 
1 
1 

-6 
6 -3 

-1 
-1 
-1 
-3 

1 
- l. 
-1 

It is then a simple matter of solving the integer programming problem for the vector K which 
minimizes f(K). Successively weaker minima may be found by adding the constraint f(K) 2 
previous minimum + 1. The minimum point rule of degree 5, which is given, has the form: 

K[3, l] = 2, K[2,2] = 1 . 

That is, the formula is: 

w,T[a, a, a; PI + w*qy, Y, 7; q+ wJ[A, A, cc; PI, 

where 3a + /I = 3y + S = 2A + 2~ = 1. This formula is given in [2] and uses 14 points. The 
formula given in [4] uses 17 points and comes from the third optimum. The second optimum 
produces a rule using 15 points, which is listed in Section 3, and appears in [2]. 

The structures of the minimum point rules for degrees 1 to 10 are given in Appendix A. In the 
next section we list the rules of degrees 4 to 8. 

3. Tetrahedral formulas of degrees 4 to 8 

In [2] formulas of degree 2s + 1 are obtained for the n-simplex, using (n + s + l)! l(n + l)!s! 
points. For y1= 3 and s = 1 this gives a formula of degree 3 using 5 points (the formula given also 
in [4]) and for s = 2 this gives the degree-5 rule in [4]. Appendix A shows structures with fewer 
points than the rules in [4] for several degrees. In Table 1 we give formulas of degrees 4,5,6,7, 
and 8. There are two formulas of degree 4, one of which has a negative weight, using 11 and 14 
points, respectively. The formula in [4] uses 16 points. The formula of degree 5 appears in [2]. 
Another formula of degree 5, with the same structure as the one in [2], appears in [8, p. 3151. 
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As far as we know, the formulas of degrees 4, 6, 7, and 8 are new. The presence of negative 
weights in the formulas of degrees 4,7, and 8 causes no serious problem, since in both cases the 
sum of the absolute values of the weights when applied to f = 1 is less than 5, indicating that the 
round-off error accumulation is minimal. (see [l, p. 2081, where it is shown that the relative 
round-off error is bounded by the sum of the absolute values of the weights.) 

Appendix A 

Feasible structures for simplicially symmetric formulas over the tetrahedron are listed. A set 
of 15 integers is given for each structure, namely, 

N i, i, WI, W21, K[L 11, K[31, K[2,11, K[L 1, 11, K[41, K[3,11, W, 21, W, 1, I, 
m 1,1,11, M, 

where: 
N is the degree of the formula; 
i represents the ith consecutive optimum structure; 
j represents the jth equal cost structure at the ith optimum; 
K are the rule structure parameters; 
M is the cost of the formula. 

N i j K M 

111000000100001 
121100000000004 
1220001 00000004 
1230000000 10 0 0 4 
13 1 100000100005 
132000100:10000 5 
133000000:11000 5 
141010000000006 
142000000001006 
151010000100007 
15 2 0 0 0 0 0 0,1010 0 7 
211000000010004 
221100000100005 
222000100100005 
2230000001 10 0 0 5 
2 3 1000000001006 
241010000100007 
24200000010 10 0 7 
251100100000008 
252100000010008 
25300010001 0 0 0 8 
254000000020008 
3 1 10 0 0 0 0 011 0 0 0 5 
321100000010008 
322000100010008 
323000000020008 
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N i j K M 

331100100100009 
332100000110009 
3330001001 1 0 0 0 9 
334000000120009 
3 4 1 0 1 0 0 0 0 0 1 0 0 0 10 
3 4 2 1 0 0 0 0 0 0 0 1 0 0 10 
3 4 3 0 0 0 1 0 0 0 0 1 0 0 10 
34400000001 1 0 0 10 
3 5 1 1 1 0 0 0 0 1 0 0 0 0 11 
3 5 2 0 1 0 1 0 0 1 0 0 0 0 11 
3530100001 1 0 0 0 11 
3 5 4 1 0 0 0 0 0 1 0 1 0 0 11 
3 5 5 0 0 0 1 0 0 1 0 1 0 0 11 
35600000011 1 0 0 11 
4 1 1 0 0 0 0 0 0 1 1 1 0 0 11 
4 2 1 0 1 0 0 0 0 0 2 0 0 0 14 
42210000001 1 0 0 14 
42300010001 1 0 0 14 
4 2 4 0 0 0 0 0 0 0 2 1 0 0 14 
4 3 1 1 100001 1 0 0 0 15 
4320101001 1 0 0 0 15 
4 3 3 0 1 0 0 0 0 1 2 0 0 0 15 
4 3 4 1 0 0 1 0 0 1 0 1 0 0 15 
4351000001 1 1 0 0 15 
4360001 0 0 1 1 1 0 0 15 
4 3 7 0 0 0 0 0 0 1 2 1 0 0 15 
4 4 1 0 1 0 0 0 0 0 1 1 0 0 16 
4 4 2 0 0 0 0 0 0 0 1 2 0 0 16 
4 4 3 0 0 0 0 0 0 0 1 0 1 0 16 
4 5 1 0 0 1 0 0 0 1 1 0 0 0 17 
4520000 1 0 1 1 0 0 0 17 
4 5 3 0 1000011 1 0 0 17 
4540000001 1 2 0 0 17 
4 5 5 1 0 0 0 0 0 1 0 0 1 0 17 
4 5 6 0 0 0 1 0 0 1 0 0 1 0 17 
4570000001 1 0 1 0 17 
5 1 1 0 0 0 0 0 0 0 2 1 0 0 14 
5 2 1 0 1 0 0 0 0 1 2 0 0 0 15 
52210000011 1 0 0 15 
5 2 3 0 0 0 1 0 0 1 1 1 0 0 15 
5 2 4 0 0 0 0 0 0 1 2 1 0 0 15 
5310000001101 0 17 
5 4 1 1 1 0 0 0 0 0 2 0 0 0 18 
5 4 2 0 1 0 1 0 0 0 2 0 0 0 18 
5 4 3 0 1 0 0 0 0 0 3 0 0 0 18 
5 4 4 1 0010001 1 0 0 18 
5 4 5 1 0 0 0 0 0 0 2 1 0 0 18 
546000 1 0 0 0 2 1 0 0 18 
54700000003 1 0 0 18 
5 5 1 1 1 010011 0 0 0 19 
5 5 2 1 1 0 0 0 1 1 2 0 0 0 19 
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N i j K M 

5 5 3 0 1 0 1 0 0 1 2 0 0 0 19 
5 5 4 010 0 0 013 0 0 019 
5 5 5 10 010 01110 019 
5 5 6 10 0 0 0 01210 019 
5 5 7 0 0 010 01210 019 
5 5 8 0 0 0 0 0 013 10 019 
5 5 9 0 0 0 0 0 01011019 
611010 0 0 0 0 3 10 024 
61210 0 0 0 0 0 2 2 0 024 
613 0 0 010 0 0 2 2 0 024 
614 0 0 0 0 0 0 0 3 2 0 024 
615 0 0 0 0 0 0 0 3 01024 
6 21110 0 0 01210 025 
6 2 2 01010 01210 025 
62301000013 10 0 25 
6 2 410 0 0 0 012 2 0 025 
6 2 5 0 0 010 012 2 0 025 
6 2 6 0 0 0 0 0 013 2 0 025 
6 2 710 0 0 0 012 01025 
6 2 8 0 0 010 012 01025 
6290000001301 0 25 
631000000021 1 0 26 
6 410 010 0 01210 027 
6 4 2 0 0 0 0101210 027 
6 4 3 010 0 0 012 01027 
64410000011 11 0 27 
645000100111 1 0 27 
646000000121 1 0 27 
6 5 111010 0 0 210 028 
6 5 2110 0 0 0 0 3 10 028 
6 5 3 01010 0 0 3 10 028 
6 5 4 010 0 0 0 0 410 028 
6 5 5 10 010 0 0 2 2 0 028 
6 5 610 0 0 0 0 0 3 2 0 028 
6 5 7 0 0 010 0 0 3 2 0 028 
6 5 8 0 0 0 0 0 0 0 4 2 0 028 
6 5 910 010 0 0 2 01028 
6 510 10 0 0 0 0 0 3 0 1028 
65110001000301028 
6 512 0 0 0 0 0 0 0 4 0 1028 
6 513 0 0 0 0 0 0 0 121028 
7 1110 0 0 0 0 0 3 2 0 028 
7 12 0 0 010 0 0 3 2 0 028 
7 13 0 0 0 0 0 0 0 4 2 0 028 
7 21 1000001 3 2 0 0 29 
7220001 0 013 2 0 029 
7 2 3 0 0 0 0 0 014 2 0 029 
7 3 1000000031 1 0 30 
741001000131 0 0 31 
7 4 2 0 0 0 0101310 031 
7 4 3 0 100001 3 0 10 31 
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N i j K M 

7 4 4 10 0 0 0 01 2 11031 
745000100121 1 0 31 
7460000001 3 11 0 31 
7 51 10 010 0 0 3 2 0 032 
7 5 2 10 0 0 0 0 0 4 2 0 032 
7 5 3 0 0 010 0 0 4 2 0 032 
7 5 4 0 0 0 0 0 0 0 5 2 0 032 
7 5 5 0 0 0 0 0 0 0 2 21032 
8 110 0 0 0 0 0 0 4 21040 
8 2 110 0 0 0 013 2 1041 
8 2 2 0 0 0 10 013 2 1041 
8 2 3 0 0 0 0 0 014 21041 
8 3 10 0 0 0 0 013 12 043 
8411001000321044 
8 4 2 10 0 0 0 0 0 4 2 1044 
8430001000421044 
8440000000521044 
8 5 110 010 013 2 1045 
8 5 210 0 0 0 014 2 1045 
8 5 3 0 0 010 014 2 1045 
8 5 4 0 0 0 0 0 015 2 1045 
8 5 5 0 0 0 0 0 012 2 2 045 
9 1 10 0 0 0 0 0 0 4 2 2 052 
9210010001421 0 53 
9 2 2 0 0 0 01014 21053 
9 2 3 010 0 0 01412 053 
9 2 410 0 0 0 013 2 2 053 
925000100132 2 0 53 
9 2 6 0 0 0 0 0 014 2 2 053 
9 2 7 0 0 0 0 0 014 0 3 053 
9 3 10 0 0 0 0 013 13 055 
9411010000421 0 56 
942001100042 1 0 56 
943100010042 1 0 56 
944000110042 1 0 56 
945001000052 1 0 56 
94600001005 2 10 56 
94711000004 12 0 56 
94801010004 12 0 56 
94901000005 12 0 56 
9 41010 010 0 0 3 2 2 0 56 
9 411 1 0 0 0 0 0 0 4 2 2 0 56 
9 412 0 0 010 0 0 4 2 2 0 56 
9 413 0 0 0 0 0 0 0 5 2 2 0 56 
9 414 10 0 0 0 0 0 4 0 3 0 56 
9 4 15 0 0 0 10 0 0 4 0 3 0 56 
941600000005 0 3 0 56 
951101 100132 1 0 57 
9 5 2 10 01 1013 2 1 0 57 
9 5 3 101000 14 21 0 57 
954001 10 0 14 2 10 57 
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Ni i K M 

9 5 5 1 0 0 0 1 0 1 4 2 1 0 57 
9560001101421 0 57 
957001 0 0 0 1 5 2 1 0 57 
9580000101521 0 57 
9 5 9 1 1 0 1 0 0 1 3 1 2 0 57 
9 5 10 1 1 000014 1 2 0 57 
95110 10 100 14 12057 
9 5 12 0 1 0 0 0 0 1 5 1 2 0 57 
9 5 13 1 0 0 1 0 0 1 3 2 2 0 57 
9 5 14 1 0 0 0 0 0 1 4 2 2 0 57 
9 5 15 0 0 0 1 0 0 1 4 2 2 0 57 
9 516 0 0 0 0 0 0 1 5 2 2 0 57 
9 7 17 1 0 0 1 0 0 1 3 0 3 0 57 
9 5 18 1 0 0 0 0 0 1 4 0 3 0 57 
9 5 19 0 0 0 1 0 0 1 4 0 3 0 57 
9 520 0 0 0 0 0 0 15 0 3 057 
9 5 21 0 0 0 0 0 0 1 2 2 3 0 57 

10 1 1 0 0 0 0 0 0 0 5 2 3 0 68 
10 2 1 1 0 0 0 0 0 1 4 2 3 0 69 
10 2 2 0 0 0 1 0 0 1 4 2 3 0 69 
10 2 3 0 0 0 0 0 0 1 5 2 3 0 69 
10 3 1 0 0 0 0 0 0 0 4 3 3 0 70 
10 4 1 0 1 0 0 0 0 1 4 2 3 0 71 
10 4 2 0 0 0 0 0 0 1 4 3 3 0 71 
10 4 3 0 0 0 0 0 0 1 4 1 4 0 71 
10 5 1 1 0 0 1 0 0 0 4 2 3 0 72 
10 5 2 1 0 0 0 0 0 0 5 2 3 0 72 
10 5 3 0 0 0 1 0 0 0 5 2 3 0 72 
10 5 4 0 0 0 0 0 0 0 6 2 3 0 72 
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